LIMITS OF BALANCED METRICS ON VECTOR BUNDLES 
AND POLARISED MANIFOLDS 



MARIO GARCIA-FERNANDEZ AND JULIUS ROSS 



Abstract. We consider a notion of balanced metrics for triples {X,L,E) 
which depend on a parameter a, where X is smooth complex manifold with 
an ample line bundle L and E is a, holomorphic vector bundle over X. For 
generic choice of a, we prove that the limit of a convergent sequence of 
balanced metrics leads to a Hermitian-Einstein metric on E and a constant 
scalar curvature Kahler metric in ci(L). For special values of a, limits of 
balanced metrics are solutions of a system of coupled equations relating a 
Hermitian-Einstein metric on E and a Kahler metric in ci{L). For this, we 
compute the top two terms of the density of states expansion of the Bergman 
kernel oi E ® . 



There are two well known theories in which the existence of a canonical 
metric in Kahler geometry is related to a stability condition in algebraic ge- 
ometry. One is the Hitchin-Kobayashi correspondence for Hermitian-Einstein 
metrics on vector bundles, and the other the Yau-Tian-Donaldson conjecture 
for constant scalar curvature Kahler (cscK) metrics on projective manifolds. 

In each of these contexts there is a crucial role played by balanced metrics. 
On the one hand, the existence of a balanced metric can be shown to be 
equivalent to a stability condition in the sense of finite dimensional Geometric 
Invariant Theory [131 Ell EZ] . On the other hand, the asymptotic behaviour of 
a sequence of balanced metrics is governed by a "density of states" expansion, 
from which the Hermitian-Einstein or cscK equations can be extracted. 

In this paper we combine these ideas by considering simultaneously stability 
of a vector bundle and its underling manifold. Let (X, L, E) be a triple consist- 
ing of a smooth complex manifold X of dimension n with an ample holomorphic 
line bundle L and a holomorphic vector bundle E of rank r. Picking a basis for 
the space of sections of L®^ and for E ® L®^ where ^ gives an embedding 



into a product of a projective space and a Grassmannian of r-planes. This 
yields a stability problem (of the associated point in the Hilbert scheme of 
P X G) under the natural group action given by the freedom in the choice of 
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bases. As usual, stability depends on a choice of linearisation, and below we 
consider a natural class of such choices that depends on a parameter a G ]R"+^. 
One expects that such stability to be connected to some kind of canonical 
metrics, and we show this to be the case. In fact 

(1) For generic choice of a, asymptotic stability (as k tends to infinity) 
is related to asking for both a Hermitian-Einstein metric on E and a 
cscK metric in C\{V). Thus, from an algebraic view, asymptotic stability 
should be the simultaneous asymptotic stabihty of (X, V) as a polarised 
manifold and slope stability of E vector bundle. 

(2) For particular choices of a, asymptotic stability is related to a certain 
"coupled equation" that asks for a Hermitian-Einstein metric on E and 
a Kahler metric in C\(V) whose scalar curvature is related to second 
order terms derived from the curvature of the metric on E. 

It should be emphasised that for a genuine stability condition one would 
additionally require that a is chosen so that the corresponding linearisation 
(or symplectic form) is positive, otherwise stability should be taken in a formal 
sense. This will not be relevant for the purposes of this paper since we con- 
sider the balanced metrics directly (although it is natural to expect that their 
existence is equivalent to a stability just as [131 l27]). 

To state a precise theorem, suppose that /i is a hermitian metric on L with 
curvature form — io;, so the induced metric /i^ on L®^ has curvature : = 

—ikbj. Similarly if if is a hermitian metric on the bundle E with curvature 
form Fu then the induced hermitian metric on det(ii^ ® L®^) has curvature 
form —i(jj2 ■= —irku + trF^-. Now, given a = (ao, . . . ,an+i) ^ M*^"^^ define 
an L^-inner product on the space H^{L®^) using the fibre metric and the 
volume form dVi/ J-^dVi, where 

n+l 

dVi = 'y^^papLOi'^ A uj2~^^~^. 

Similarly we define an L -metric on H^{E (g) L®*^) from the fibre metric H(»h'' 
but this time using the volume form dV2/ dV2, where 

n 

dV2 = 5^(n + 1 - p)apu{ A w^''- (1-2) 

p=0 

(These forms arise naturally from the moment map theory; see §2.2p . The 
non-vanishing of dVj at any point of X will be justified asymptotically, as k 
tends to infinity, under natural assumptions on the parameter a fl4.10p . 

We say that a pair {h,H) is a-balanced (with respect to k) if there is a 
choice of orthonormal bases such that the induced Fubini-Study metrics pull 
back under X P x G to give (/i^, H (g) h^). 

Theorem 1.1. Fix a and suppose {hk,Hk) is a sequence of hermitian metrics 
on L and E respectively which converges (in C°° say) to {h,H) as k tends to 
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infinity. Suppose furthermore that {hk,Hk) is a-halanced with respect to k for 
k sufficiently large. Then 

(1) For general choice of a, the limit satisfies the equations 

iAFH = Xld, S^ = S (1.3) 

where S^j denotes the scalar curvature of co, A denotes the trace with 
respect to u and X, S are topological constants. 

(2) For special choice of a, the limit satisfies the equations 

I (^AFh - ^AtrF^^Id^ + - ^^lAti Fh^ Id = A' Id, (1.4) 

(A - A\')iAtiFH - iiA^ {Fjj + Fh A ti R^) - KA^itrFnY = c, (1.5) 

where itiRuj is the Ricci- curvature of u and X',l3i,K,c are topological 
quantities that depend on a (14. 3 p . 

Motivated by the work of Luo [13], Wang [20] and Donaldson [7], it is natural 
to conjecture that the existence of solutions of (11.31) implies the existence of 
balanced metrics and the asymptotic stability of the triple {X,L,E), at least 
for general a which give rise to a positive linearisation. The confirmation of 
this conjecture would lead to a physical interpretation of the GIT moduli space 
of semistable triples when Ci(X) = 0, Ci{E) = 0, C2(X) = C2{E), as in this case 
a solution of (11.31) corresponds to a compactification of Heterotic String Theory 
in the large volume limit [T7]. Constructions of moduli spaces of triples using 
GIT have been carried out by Gieseker-Morrison [TT] and Pandharipande [12] 
for the case of curves, but apparently there is no such construction for higher 
dimensional X. It is worth to point out that, for smooth curves, GIT stability 
of a triple in the sense of [HI |15] is equivalent to the stability of the vector 
bundle over the curve, as expected from Theorem 1.1 (1) (see [T5l Theorem 1.1, 
Proposition 8.2.1]). 

We expect the analysis of the equivalent question for the system given by 
(11.41) and (II. 5p to be more delicate. The first equation in (2) is an endomor- 
phism valued equation that can be reduced to the Hermitian-Einstein equation 
after a conformal change; the second is a scalar equation relating the metric 
on the base to a second order quantity in the curvature of the metric on the 
bundle. These equations are coupled when Pi ^ and of a similar form to 
those studied by the first author jointly with Luis Alvarez-Consul and Oscar 
Garcia-Prada [HIID], although they are not precisely the same. In fact, one of 
the main differences between these and [H [10] is that the equations here are 
invariant under rescaling of the metric for each fixed a G M""*"^ and depend 
strongly on the topologies of X, L and E. We hope to address the analy- 
sis of the set of a's which lead to positive linearisations and produce coupled 
equations in a future work. 

Our method of proof is based on that of Donaldson [3 Theorem 2] which is 
outlined at the start of ^ This in turn relies on the density of states expansion 
of the Bergman kernel [51 [HI [HI [IHl [2S1 12S] • For our purpose we need to know 
the top two terms of this expansion in the case of twisting by a vector bundle. 
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Theorem 1.2. Let {sj} be a basis for H^{E L'^^) that is orthonormal with 
respect to the fibre metric H and the fixed volume form cj^/n!. Then the 
Bergman kernel Bk = ^j^'j has a C°° asymptotic expansion 

(27r)"5fc = Eofc" + EiP-^ + ^2^-2 + 0(P-^) 

where Bi are smooth functions on X depending on H and h. In particular, 

S 

Bq = Id, Bi = iAFn + ~^^d and 

B, = -^AgizAFn) - \aFhAFh - \{Fh),-AFh)u3 
+ ]^S^iAFh - ^(i^H),-fctr(i?^),j 
- \a{S^) Id+^ _ 4| tr /?J2 ^ 35,2) _ 

Remark 1.3. After this work was completed we noticed that the B2 term has 
been calculated independently by L. Wang |T9] and H. Xu [21] although using 
different methods (see Remark 13.71 about the different notations). 

The important part of this theorem for our purpose is the explicit equa- 
tion for the B2 term, which follows from the recursion method of Berman- 
Berndtsson-Sjostrand [2] after an elementary, but laborious, calculation (see 
Lu [12j for an alternative approach in the non-twisted case). As far as we can 
see, the contributions from B2 is the only way that one can relate stability 
to equations that are second order in the curvature of the bundle, and since 
this appears naturally among coupled equations we expect this result to be of 
independent interest. 

Outline: We start in ^ with preliminaries and the definition of a-balanced 
metrics. This is put into an infinite dimensional gauge-theoretic context in ^ 
The computation of the Bergman Kernel is contained in ^ and the proof of 
the theorem on limits of balanced metrics in §H 

Acknowledgements: We wish to thank Luis Alvarez- Consul, Oscar Garcia- 
Prada, Julien Keller and Richard Thomas for useful discussions. 

2. Balanced conditions for bundles and polarised manifolds 

2.1. Preliminaries. In this section we study Hamiltonian actions on the space 
of embeddings of a smooth manifold into a product of symplectic manifolds. 
When the source manifold is complex and the target manifolds are Kahler, 
we will endow the space of holomorphic embeddings with a family of closed 
(1, l)-forms that will be used in §2.21 to define balanced conditions. 

Let X be a 2n-dimensional real smooth compact manifold, and {Si,uji) and 
(5*2, W2) be two symplectic manifolds of dimensions mi and m2, with mi+m2 > 
2n. Consider the product S = Si x S2 and let 

S c C°^{X, S). 
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be the space of smooth embeddings (f): X ^ S. Given integers p,q, define a 
closed 2gf-form on S by 

a,,,^ujlAujr, (2.1) 

(so by convention ap^q = if p < or p > g). Here and in the sequel, we omit 
pull-backs to simplify the notation when there is no possible confusion. Now 
fix a non- negative integer < p < n + 1. Then, ap^n+i induces a 2- form flp on 
<S defined by 

^p{Vi,V2)^ [ V24V^^ap,r^+l), (2.2) 
Jx 

where Vj e T^S = r(X, (f)*TS). A straightforward computation shows that 

dnp{V,,V2,Vs) ^ [ Vs4V24V^Jdap,„+l)) ^ 0, 
Jx 

and therefore Qp is closed. 

Let T-Lj be the group of Hamiltonian symplectomorphisms of {Sj,ujj). Then 
the group 

acts on S on the right by composition, and this action preserves flp. We note 
that Qp may not be positive definite, and thus not define a symplectic form, 
but nevertheless seek to find a moment map for the "H-action on {S, flp); that 
is an equivariant map 

l^p-.S^Lien* (2.3) 

which satisfies 

d{fi,f) = YfMp (2.4) 

for any / = (/i,/2) G Lie'H, where Yf denotes the infinitesimal action of / 
on S. To ease the computations we identify LieHj with C^{Sj), the smooth 
functions with zero integral with respect to ujJ^^ . 

Lemma 2.1. There exists a moment map for the T-L-action on {S,flp), given 
by 

M4>),f)=P <P* flCrp-l,n + {n + 1 - p) 0*/2Crp,n- (2-5) 

Jx Jx 

Proof. Note first that Yf is given by the pull-back 0*1// e r{X,(f)*TS), where 
yf denotes the Hamiltonian vector field of fi + /2 on {S, ui + 002). Then, given 
an arbitrary V G r(X, (f)*TS) we have that i^p(y/, V) equals 

pi (l)*{V^{{yf^LJi) Aap_i,n)) + {n + l-p) 0* (V^j ((2//jCc;2) A cTp,„)) 
Jx Jx 

= p / 0* (Vjd (/iap_i,„)) + {n+l-p) [ <P* {Vjd (/2(7p,„)) 
J x Jx 

= d{^ZpJ){V). 

as required. □ 
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Suppose now that X is a complex manifold and that ui and uj2 are Kahler. 
Then, the product complex structure on S induces a complex structure on the 
space of holomorphic embeddings Sh- We can use the forms Vlp to define a 
family of closed (1, l)-forms on Sh- For this, expanding Vtp as above and using 
that uji and UJ2 are of type (1, 1) one can easily see that (12 ■2p defines a (1, 1)- 
form on Sh- Hence, given a parameter a = (oq, . . . , dn+i) ^ M"+^ we define 
the family of closed (1, l)-forms by 

n+l 

Qa = ''^^CipQp- (2.6) 

p=0 

As an immediate consequence of Lemma 12.11 we obtain the following. 
Proposition 2.2. The l-L-action on {S, Qa) is Hamiltonian with moment map 

n+l 

fia = ^Oip^p- (2.7) 

p=0 

The form Qa is the curvature of a natural line bundle on Sh that can be 
constructed by the Deligne Pairing. Suppose that Ui is the curvature of a 
hermitian metric on a line bundle Lj over Si- Then, following [12], let 

U = {{x,(j))eSxSh--xe (f){X)} (2.8) 

be the universal family. Let n: U S the projection onto the first factor and 
consider the line bundle on Sh given by the Deligne pairing 

Cp = (7r*Li, . . . , 7r*Li, tt*L2, - - - , vr*L2). 

^ V ' V ' 

p times n+l— p times 

This pairing was introduced in but see also [TB] or |27] for details. Then, 
on the smooth locus of Sh, there is a natural hermitian metric on Cp with 
curvature given by 

f A u^^^-" = Qp 



and so Qa is the curvature of the induced hermitian metric on the line bundle 

Remark 2.3. The set of a for which (12. 6 p defines a Kahler form is non-empty. 
To see this, let 71,72 G M be positive real numbers. Then, the Kahler form 

= 7iWi + 72^2 

on 5* induces a 2- form fi^ on S, by replacing ap^n+i with o;"^^ in (12. 2p . which 
can be expressed as 

for a suitable choice of a. Now, the positivity of follows from the identity 

n^{V, JV) = {n + 1) [ co^{V, JV)u:; + {n + l)n [ l^jw^po;!; > 0, 
Jx J X 

where J denotes the product complex structure on S and iV^jw^p is the norm 
of the pull-back of V auj^ to X with respect to the Kahler form induced by cj^. 
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2.2. Balanced embeddings, bundles and polarised manifolds. We next 
use the family of moment maps considered above to define a notion of a- 
balanced triple {X,L,E). This notion generalises the notion of balanced po- 
larised manifolds, defined first by Luo ^13j and adapted to vector bundles by 
Wang [201 [21] . Let X be a smooth n-dimensional complex manifold. Given 
positive integers r, A^, M we define 

S = F{C^) X G(r,C*^), 

where P(C^) is the complex projective space of dimension A^ — 1 endowed with 
the Fubini-Study metric up and G(r, C^^) is the Grassmannian of r dimensional 
quotients of endowed with the Fubini-Study metric ug- Using the same 
notation as in §2.H consider the closed (1, l)-form Qa on Sh given by (12. 6p . 
Since we have a homomorphism 

SU{N) X SU{M) ^ Hi X ^2 

from the product of the special unitary groups, the moment map (12. 7p in- 
duces a moment map for the SU{N) x S'f/(M)-action on Sh- The a-balanced 
embeddings are defined to be the zeros of this moment map 

Sh^3u{Ny X 5u(M)*. 

Definition 2.4. A holomorphic embedding 0: X — )■ M is a-balanced if 

(/x,(0),C) = O, 

for all C e 5u{N) x su(M). 

Taking standard homogeneous coordinates [Zi : . . . : Z^] on P(C^) and A on 
G(r, C"^), where A denotes an M x r matrix representing a point on G(r, C^^), 
the balanced condition for cj) E Sh is equivalent to (cf. [131 123]) 



X 



fx <^*^2 



[ (f)* {A{A*A)-^A*a2) = ^f/^ Id 
Jx ^ 



(2.9) 



where 



i+l-p 



Ep-1 A n-\ 



(2.10) 



(T2 = ^(^ + 1 — p)apUJp A Uq ^. 

p=0 

Note that A{A*A)~^A* measures the pointwise hermitian product of the hyper- 
plane sections on G(r, C^^) with respect to the Fubini-Study metric (similarly 
for ZZ*/\Z\'^). 

Now let L be an ample line bundle and E a holomorphic vector bundle over 
X. For > set 

Nk = dimH^L'^'') and = dimH^E ® L®'^). (2.11) 
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Any choice of basis {tj} for H^{L®^) for A; ^ gives an embedding X C 
P(i/°(L®^)) ~ P(C^*). Analogously, given a basis {sj} for H^{E ® L®^) the 
surjection 

gives an embedding X C G(r, C^'^'^). 

Definition 2.5. The triple (X, L, ii^) is said to be a-balanced with respect to 
k if there exists basis {tj} of H^{L®^) and {sj} of O L^'^) such that the 

corresponding embedding in P(C^'=) x G(r, C^*^) is a-balanced. 

We next characterise the a-balanced condition in terms of the existence of 
balanced metrics. To state this we recall notation from the introduction: let 
/i, H be hermitian metrics on L and E respectively, with curvature forms —iu 
and Fh. Set Ui = ku and U2 = kru + z tr F^ and consider volume forms on X 
given by 

n+l 

dVi = y^^pap+iu^'^ A U2~^^~^, 
p=i 

n 

dV2 = + 1 — p)apUi A UJ2~^- 

By integrating over X we get an metric on H^{L®^) given by the fibre 
metric and the volume form dVi/ dVi. Now, given any orthonormal basis 
{tj} we define the Bergman function by 

PkiKH) = J2\tj\^ (2-12) 

where the norm on the right is taken fibrewise. Similarly there is an metric 
on H^[E L®^) induced by the fibre metric H ^ and the volume form 
dV2/ dV2 and given an orthonormal basis {sj} an associated (endomorphism 
valued) Bergman function 

Bkih,H) = J2-^jSj^ (2-13) 

j 

where the dual is taken with respect to the fibre metric H ® h^. The non- 
vanishing of dVj at any point of X will be justified in §1] asymptotically in k 
under natural assumptions on the parameter a, see f l4.10p . The normalisation 
of the volume forms will be used to compute asymptotic expansions for the 
relevant Bergman functions (see (14. lip and Lemma [4.5p . 

Proposition 2.6. The triple (X, L, E) is a-balanced with respect to k if and 
only if there exists metrics h on L and H on E and orthonormal basis such 
that the associated Bergman kernels are both constant over X ; i.e. 



PkiKH) = N,, B,{h,H) = ^ld. 



(2.14) 
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Proof. For the only if part, denote = 0i x 02 and define 

h = ^i/ip'^, 

where hp and Hq denote the Fubini-Study metrics on the universal quotient 
bundles of P(C^'') and G(r, C*^'=) respectively. Then, by the a-balanced con- 
dition the pullbacks {tj} and {sj} of the hyperplane sections are orthonor- 
mal with respect to the relevant L^-metrics, since (j)*up = ku and (f)*ujG = 
i tr Fhq = {kru + i ti Fh), and it is clear that satisfy fl2.14p (up to rescaling). 
The converse is proved similarly. □ 

Remark 2.7. Using the above one sees that the balanced condition can be recast 
in terms of pullback of the appropriate Fubini-Study metric, as described in 
the introduction. 



3. Bergman Kernel asymptotics 

In this section we calculate higher order terms of the asymptotic expansion 
of the Bergman Kernel for H^{X, E ® L®*^) using the iterative formula in [2]. 
Recall that the Bergman Kernel is the Kernel of integration of the orthogonal 
projection 

from the space of sections to the space of holomorphic sections, with respect 
to the volume form uj^/n\ determined by 

u = iFh (3.1) 

and the metric H ® h®^ . It can identified with a section of the vector bundle 
{E ® L'^^y ME^L®'' over XxX given by 

Bk{x,y) = ^Sj{x){-,Sj{y))H^h<s»', 
j 

where {sj} is an orthonormal basis of H^{X, E ® L^''), and admits an asymp- 
totic expansion of the form 

(27r)"5fc(x, y) = Id fc" + B,{x, y)k^-' + B^^x, y)A;"-2 + . . . (3.2) 

as k goes to infinity. The precise result we need (see e.g. p!3| Theorem 4.1.1]) 
concerns the previous expansion over the diagonal, where Bj. induces an endo- 
morphism oi E ® L®^ given by 

Bk{x) = Bk{x,x) = '^Sj{x){-,Sj{x))H^h's''- (3.3) 

j 

Theorem 3.1. The Bergman kernel has a C°° asymptotic expansion over the 
diagonal 

(27r)"5fc = Bok'' + 5iA;"-i + EaA;"-^ + Oik""-^) 
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where Bq = Id and Bi are endomorphism valued smooth functions on X de- 
pending on H and h. More precisely, for any l,N > there exists a constant 
K{1, N, H, h) such that 

N 

{27^rBk-Y,B^k^'' 

j=0 

Moreover, the expansion is uniform in that for any I, N there is an integer 
m such that if {H, h) runs over a set of metrics which are bounded in C"^, 
and with {H, h) hounded below, the constants K{1, N, H, h) are bounded by a 
constant K{1, N) independent of {H, h). 

To calculate the first coefficients of the asymptotic expansion of 5^ we use 
the local asymptotic Bergman Kernels constructed in To state the result 
that we will use ([H Theorem 3.1]), fix xq G X, local holomorphic coordinates 
X E U C C centred at Xq and trivialisations of L and E such that 

where is a smooth function on C" and H a hermitian matrix-valued smooth 
function of rank r, the rank of E, and we use column notation for the local 
sections Sj of E. By (13. ip . we have 

u = idd(f) = igj ^dx^ A dx'^, 

where we sum over repeated indices. To simplify some of the formulae, this 
summation convention will be assumed in the sequel when there is no possible 
confusion. We denote by g the matrix {gjj^)- Let 

A: QP''^ QP-^'^-^ 

be the contraction operator on forms. Denoting {g^'^)'^ = g~^, A acts on (1, 1) 
forms by 

A {aj jdx^ A dx'') = -ig^'^a-^. 

Let il){x,y) and G{x,y) be almost holomorphic extensions of and H on 

A = {{x,y) : y = x} C U x U. 

By definition, ip: U x U ^ C is smooth, satisfies iIj{x,x) = (f){x) and 

D"(a^)l^ = (3.4) 

for all multiindex a, and similarly for G. Let 6: U x U x U ^ C"" he the 
smooth function of of 3n variables defined by 

e^{x,y,z)= [ dj^{tx + {l-t)y,z)dt, (3.5) 
Jo 

where djip = djijj{x, y) denotes partial holomorphic differentiation with respect 
to Xj. Using the identity 

OijJ^y^z) = dyil){y,z), (3.6) 

it follows that the map 

{x,y,z) ^ {x,y,e) (3.7) 



< K{l,N, H, h)k'' 
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defines a smooth change of coordinates around the origin in C^", as 6{0) = 
d^(j){0) = and 

4^(0) = d,e{o) = d^dy^io) = d,d,m = Id, 

where dz = dz + dz and the first equahty follows from (13 ■4p . Define functions 
Ao(x, y, 6) = det dydzi^{y, z)/ det dz9{x, y, z), 
A'a{x,y,e)=G{x,zr'G{y,z) 

where z = z{x, y, 9), and let 

AGix,y,e) = AoA'a- 

Theorem 3.2. (Berman-Berndtsson-Sjostrand) The coejficients in the expan- 
sion (13. 3p satisfy the following recursive formula for m > 

f2^-^^jr^iB„,-i^ah=y = 0, (3.8) 

1=0 

Dg ■ Dy = J2j=i ^eidyj , Bk = Bk{x, z), x is considered fixed and z = z{y, 6). 
We use now (13. 8 p to calculate Bi and B2 in (13. 3p . given by 

Bi{x, z{x, X, 9)) = -De ■ D,(Ag)|.=, (3.9) 

S2(x, z{x, X, e)) = (^-De ■ DyiB.Ac) - ^{Dg ■ DyfiAc)^ . (3.10) 

For the calculations we define \E' = \E'(?/, 2;) as the n x n matrix of partial 
derivatives dzdyip{y, z), which satisfies \E'(x, x) = g^{x). Considering G as a 
function on {y, z) variables, we have 

'^-^dy'^{x,x) = ri{x), dzi'^-^dy'^){x,x) = R{x), (3.11) 

G-'^dyG{x,x) = Q{x), dz{G-^dyG){x,x) = F{x), (3.12) 

where r] and R = drj denote the Chern connection of u and its curvature and 
6 and F = dQ the Chern connection of H and its curvature. Without loss of 
generality, we assume that 

6-^ = 1 + 0(1x12), ^(x) =ld+0(|xn, i7(x) = ld+0(|xn, (3.13) 

so that 7^(0) = {g^)~^dg'^{0) = and 6(0) = H'^dH{0) = 0. Further, we will 
use the following properties of the change of coordinates (13. 7p . which follow 
from elementary calculations using (I3.13p . 

Lemma 3.3. 

dgZ = {dz9)-' 

dyz{0) = (3.14) 
dlyz{0) = dlgz{0) = 

For simplicity we will assume that and H are real analytic and so ip, \Ef, 
G and 6 are holomorphic. The general case follows easily combining the com- 
putations below with condition (13. 4p . Hence, the following Taylor expansions 
in y around x = y hold. 
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Lemma 3.4. 

Ao = 1 +Ci +C2 + C3 + C4 + . . . (3.15) 

where 

ci = itr^-^(9^fc*(x,2;)(/-a:^) 

C2 = i tr dy, i^-%^^)ix, z) iy' - x^){y^ - x'") 

\ (3.16) 

C3 = - tr (Sj^fc ^) tr (Sj^n. ^) (x, 2) - x'^) (y™ - x"^) 
8 

C4 = tr vI/-i(9,.M/)vI/-i(a,^^)(x, z)(/ - x'){y^ - x'") 

and 

A'f. = Id + ^2 + 4 + • • • (3.17) 

rfi = {G-^dyuG){x,z){y'' -x'') 

d2 = l{G-'dy.G){G-'dy^G){x,z){y' ~ x'){y^ - x^ (3.18) 
ds = \dy,iG-%^G)ix, z){y^ - x''){y^ - x'") 

Proof. Note first that the Taylor expansion in y around x = y oi the integrand 
in ^Mj is 

dj^l){tx + (1 - t)y, z) = dj^{x, ^) + (1 - t)dljij{x, z){y'' - x^) 

+ (1 - tYldi^,,^{x, z){y' - x'){y^ - X™) + . . . , 

and therefore 

d,9{x, y, z) = ^{x, z) + \{dy^^{x, z)){y^ - x^) 

^ (3.19) 
+ -{dy.dy^^{x, z)){y^ - x^){y^ -xn + .... 

Expanding now \E'^^(y,z) we obtain 

^>-^d,e{x, y, z) = Id -Ui-^dyu^ix, ^)(y' - x'^) 

+ U!-\dy.^)^~\dy^^){x, ^)(/ - x'=)(i/'" - x") (3.20) 

- i^-i9,.9,™$(x, z)(i/^ - x^')(y'" - x™) + . . . 

To prove fl3.15p . note now that Aq = det(Id+P)~^, for a suitable matrix P. 
Combining the expansions for the determinant and the inverse of a matrix of 
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the form Id +P, we find 

Ao = 1 + ^ tr ^)(/ - x") 

+ i tr ^-'dy.dy^^ix, z)iy'' - x'')iy"' - a;™) 

+ ^ tr <iJ-\dy,^) tT^-\dyn.^){x, z){y^ - x^){y'^ - x"^) 
8 

+ ^ tr ^!-^{dyk^!)^-^{dy^^){x, z){y^ - x^Od/"" - x'™) + . . . 
8 

and hence one sees that (13.1 5p follows from 

^-^dyn^dyU^ = dyn.{^l/-^dyk'^) + ( ^ ^ ^ ^J,™ ^ ) ( ^ " ^ . ^ ) . 



Similarly, f l3.17p follows from a similar calculation and the Taylor expansion of 
combined with 

G ^dymdykG = dym(G ^dykG) + (G ^dymG){G ^dykG). 

□ 

From the previous expansions we obtain the following, where S* = Az tr i? is 
the scalar curvature of u and we use the same notation as in (13.111) . (I3.12p . 



Lemma 3.5. 

d03Ao\y=x = 

dyjAo{x,x,x) = ^tr r]j{x), 
dyjA'Q{x,x,x) = Qj{x), 

d^kdyjAo{x, X, x) = tr Rjj:{0) 
d,kdyjA'Q{x,x,x) = -Fjj:{0), 



(3.21) 



(3.22) 



De- Dy{Ao){x,x,x) = -^S{x), 

Dg ■ Dy{A'(^){x,x,x) = -iAF{x). 

Proof. Formulae (I3.2ip follow from Lemma 13.41 Using the same Lemma, it 
follows that 

dyjAo{x,x,z) = ^tr(^"^9y,^)(x,z), 

dyjA'Q{x,x,z) = {G^^dyjG){x,z), 

which combined with (13. IIP and (13.120 leads to (I3.22p . Finally, using dgz = 
{dzO)~^ (see Lemma [3. 3p . we have that the LHS of the first equation in ([22 



(3.25) 
□ 
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equals 

= ^^Titr9,.(vI/-i9,.v^)(x,x) (3.24) 

= l9'~'trR-,/x) = -^-S{x), 

and that the LHS of the second equation in fl3.23p equals 

de.{G-^dy,G){x,x) = ^-ld,,iG-'dy,G){x,x) 

= g^~'F^^^{x) = -g^~'F^-,{x) = -zAF{x). 
From Lemma 13.51 and (13. 9p we obtain 

Bl{X,Z{X,X,9)) = -Dg ■ Dy{/\Q)\^ = y\([-De ■ Dy{/\'(.)^^ = y 

-{de.A^){dy,{G'\x,z)G{y,z)))\,=y 
- {dy,Ao){de.{G-\x,z)G{y,z)))\,=y 
= -De ■ Dy{Ao)i^=yld-De ■ Dy{A'a)\^=y, 

which gives 

5i(0)= (^AF + |ld) (0). 

To compute (I3.10p we will use the following formulae, where A (without sub- 
scripts) denotes the Laplacian 

A = 2iAdd = -2g^^djdk. (3.26) 

Lemma 3.6. 

92,_g,Ao(0) = and g,A^(0) = (3.27) 

De ■ Dy{B{){{]) = Q (3.28) 

^;^]id,^dy^{m^liidA^-'dym{^) = ^A(5)(0), (3.29) 

^-^],d^.dy^{^^ldAG~^dy,G)m = ^A(zAF)(0), (3.30) 

Proof. Formulae ( KTHf follow from flXT^ and flXTTj) . Formula (E2SD follows 
from Lemma 13.31 and the equality 

Dg ■ Dy{B,){0) = {d,n.d,.B^){de.z"'){dy,z'){0). 

Using it follows that the LHS of (IX^ equals 

-g'-'^BidUSm = ^A(5)(0). 
Finally, it follows from flX^ that the LHS of (Km equals 



-g'^'^dU^^Fm = iA(2AF)(0). 



□ 
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Hence, the previous lemma combined with fl3.2ip and fl3.22p leads to 

De ■ DyiBiAam = De ■ Dy{Bi){0) + B,{0)De ■ /^,(Ag)(0) 
+ {ide,B^){dy,AG) + {de,AG)idy,B^)) (0) 

= -sm- 

To conclude, we calculate the terms in 

{Dg ■ Dy)\AG){0) = De ■ Dy [{De ■ DyA^)A'a + Ao{De ■ DyA'^) 

+ {de.A^){dy,{A'a) + (9,. Ao)(9,. (A^) j (0) 

{De-Dyf{A,)\d+{De-Dy)\A'a) 
+ 2iDe-DyAo)iDe-DyA'a) 
+ 2{de^dy,Ao){de.dy,A'a)yo), 

where for the last equality we have used (13.211) , (13.221) and (I3.27P . For simplicity 
of the formulae, in the sequel we omit the evaluation of the functions at 0. From 
Lemma [3.51 we obtain 

{De ■ DyAo){De ■ DyA'^) = \s ■ lAF 
{dejdykAo){deudyoA'c) = ^^tri^^j, 

where ztri? is the Ricci form of u. To compute [DeDy^A^ at the origin, using 
Lemma [3.31 and Lemma [3.51 we calculate 

{De-Dyf{c,)=dl^,,{dl^y,c,) 

= dl,,{ii{dA'^~%,'^)){x,z)dy,z') 
= tT{d,^{^-^dy,^)mdl,^^,{de.z') 

= \{iiR^-;){de.{^''dy.m{y,z))\, 
= -^(tr%)(i?,,^k, = -^|tr/?p, 

where z = z{y, 6) and we have used the expansion (13.191) of to compute the 
partial derivatives of the component of the matrix {dzO)~^{y, z) for the 
fifth equality. Similarly, using Lemmas 13. 3[ 13.51 and 13. 6[ we obtain (after some 
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computation that is relegated to Appendix [A]) 

{De-Dy)\c,) = ^AiS) + ^\trR\\ 
{De-Dync,) = \s' + \\tTR\\ 
{De-Dync,) = -^\tTR\'-^\R\\ 



{De ■ Dy)\d,) = -F^j{R,;j:)i,^ 



{De-DyY{d,) = -XFKF + F^-,F,-^ 

and therefore 

{Do ■ Dy)\Ao) = ^A{S) - - 4| tr i?p - 3S' 

(De ■ Dy)\A'a) = \a{iKF) - AFAF + F^-,F,j. 
From the formulae above we conclude that 
B, = (^Bl - ^{De ■ Dy){AG: 

= -^AsizAF) - UfAF - \f^-,F,- 

+ ^'^*AF-^F,.^tri?,j 

- ^-A{S) Id+^ - 4| tri?|2 + 3^^) Id, 

where Aq is the d Laplacian acting on smooth endomorphisms of E 

Ag = -iAdnd, (3.31) 

determined by u, H and the holomorphic structure on the bundle (see e.g. [5l 
§1.2]). Here we use that 2Aq and A have the same expression at the origin. 
This completes the proof of Theorem 11.21 

Remark 3.7. As mentioned, this expression for B2 has been independently 
derived by Wang and by Xu. Note that our notation for the Laplacians A and 
Aq differs respectively by a factor of —2 and by a factor of —1 with respect to 
[T2I Formula (4.6)], [191 Formula (4.6)] and Theorem 4.2]. Furthermore, 
our A differs by a factor of i with respect to [2¥, Theorem 4.2]. 

For the proof of our main result in ^ we will use the compact formula 

trSs = --A(iAtrF) - - tr A2(F + -(tr i?) Id)^ 

4 4 2 (332) 

-gA(S) + -trA^i^^ 
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which follows easily from the identities 

cu""^ 1 cj" cu" 

tr 7 A /3 A ^--^ = - ( tr 7 A /3) - = tr (7,. A J + ^^A/?) ^, 

where 7, /3 are arbitrary (1,1) forms with values in the skew-adjoint endomor- 
phisms of a unitary bundle. Note that fl3.32p recovers the second order term 
for the Riemann-Roch formula 

[ tiBk^ = dimH^iX,E®L^^)= ! ch{L®^)ch{E)Td{X) 
Jx n\ Jx 

by integration over X. 



4. Limits of balanced metrics 

We now prove our main theorem and find the equations satisfied by limits of 
a-balanced metrics. Before doing so we give an account of the case of balanced 
metrics on manifolds which is simpler but illustrates the fundamental ideas. 

Lemma 4.1. Suppose hi^k ff^e real-valued functions on X, which converge to a 
limit bi pointwise as k tends to infinity. Suppose moreover there is a pointwise 
expansion 

r + + O ^ 

where pk is a polynomial in k that is constant (over X). Then hi = const. 

Proof. This is trivial, for writing p^ = k"'-\-aik"'~^ + - ■ ■ , the hypothesis becomes 
bi,k = ai + 0(1/ k) pointwise and taking the limit as k tends to infinity gives 
the result. □ 

Donaldson's key observation is that one can apply the above to the Bergman 
kernel expansion applied to a convergent sequence of metrics. In fact, letting 
Pk{h) denote the Bergman kernel of a metric h, the asymptotic expansion 
holds uniformly over a compact set of metrics (see Theorem 13. ip . Thus if hk 
is a sequence of hermitian metrics on L converging to h in C°° such that hk is 
balanced with respect to k, then we have 

Pk = Pk{hk) = r + l^r-i + 0(r-2), 

pointwise for suitable pk, which by the above Lemma implies that the scalar 
curvature of the limit metric Sh is constant. 

For triples (X, L, E) we have seen in (12. 6p that the balanced condition can be 
reinterpreted in terms of two Bergman functions being constant. For this there 
is a generalisation of the above lemma, which has an extra feature in the special 
case that the leading order terms of the two are related. Fix polynomials 



(4.1) 
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Lemma 4.2. Suppose bi^k are real-valued functions, and Bi^k are endormophism 
valued functions of rank r on a manifold X such that 

p + 6, + 62,fcA;"-2 + O = pk 

pointwise on X . Assume also that, pointwise, bi^k has a limit bi and Bi^k a limit 
Bi as k tends to infinity. 

(1) The limits satisfy 

Bi = const ■ Id and hi = const. 

(2) Suppose furthermore that for real constants Xij Xi have 

Xi tr = X2&i,fc for all k. (4.2) 

Then Xi'^Q-i = X2'2i o-f^d, the limits in fact satisfy 

Bi = const ■ Id and Xi tr(-B2) = + const. 

Proof. We have Bi ^ = Si ld-\-a2/kld—B2^k/k + 0{k~'^) and so taking the limit 
gives Bi is constant, and similarly for bi. So assume (14. 2 p holds. Then 

/ , 0,2 b2,k . 
= X2{ai + — - — + 0{k )) 

So, the top terms are equal and taking the limit as k tends to infinity yields 
the desired result. □ 

We apply this to the Bergman kernels appearing in the balanced condition. 
To do this we need to calculate the relevant coefficients which we do now. To 
start with we collect the relevant topological constants by defining 



p=0 



7i 



'"-'''f(„ + l-p)(":f)a,r'-. (4,4) 

p=0 ^ ^ 

V = f-rA|l, (4.5) 

K = 4r(^-^]. (4.6) 



7o /3o 

Theorem 4.3. Fix constants ai so that /3o and 70 are both non-zero. Let 
{hk,Hk) be a sequence of metrics on {X,L,E) which converge in C°° to {h,H) 
as k tends to infinity. Suppose furthermore that {hk,Hk) is a-balanced with 
respect to k for k sufficiently large. Then 

(1) if Pi{Po + ^^70) 7^ the limit is a solution of 

iAFH = Xld, S^ = S. (4.7) 
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(2) if /3i(/3o + f"yo) = then the limit is a solution of 

i (^AFh - ^ A tr Fh Idj + - tr Fh^ Id = A' Id, (4.8) 

(A - 4A')^AtrFi^ - tr A^(F^ + Fh A tr R^) - nA^ti Fh^ = c, (4.9) 
where c is a real constant. 

Proceeding to the proof, recall that the top forms dVi used to define the 
balanced condition depend on k. To control this, define functions ipi = (pi{k) 

by 

n+l 

<^i4"' = dVi := Y.PM'^^kY'' A {kruk + ^trFfc)"+i-P, 
p=i 

n 

ip2Ujt^ = dV2 := ^(n + 1 - p)ap{kukY A {kruk + i tr F^y-^ . 
Lemma 4.4. We have 

n 

j=0 
n 

j=0 

where 

fo = /3o, /i = /3iAfcitrFfc, and = /32Afc(i tr Ffc)^ 

9o = 7o, 5'i = 7iAfc«trFfc, and §2 = i2Al{iii F^f . 

The proof follows from an elementary calculation using the binomial expan- 
sion. To use the Bergman kernel expansion from §31 we observe that since 
{hk,Hk) converges and 

/3o 7^ 0, 70 7^ 0, (4.10) 

it follows from Lemma [4.41 that dVj are volume forms for large A; ^ 0, so the 
balance condition for {hk, Hk) makes sense. Moreover, 

Lemma 4.5. There exists C°° expansions 

Pkihk,HMik) = ^^{l + c,k-' + c2k-^ + 0ik-^)) 

Bk{hk,Hk)ip'2{k) = j^{ld+Dik-' + D2k-^ + 0{k-^)) 
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where 

Sk 



Cl 



2 



C2 = ^Mfi)-^^lit^Rkr-lMSk) + ^tTAlRl 

trDa = ^Ak{gi)-\Ak{iAktTFk)-]tTAl{Fk + l{tTRk)Idf 
/7o 4 4 / 



Proo/. If {tj} is a basis of H^{L'^^) used to compute pk{hk,Hk) (\2.12^ then it 
is ortho normal with respect to the metric induced by a;'"] and h^Lp^. Now, 
by Theorem 13.11 there exists a expansion 

1 2 



= \t,\l = {Id+hk-' + hk-' + 0{k-')) (4.12) 



where 

bi = iAk{dd\ogLpi) + Y = ^AfelogV^i + y, 
62 = -^A,(zAfca91ogy.i) - ^Aliddlogip, + ^tTRkf (4.13) 
-^Afc'^. + ^trA^i?^ 

Since {hk,Hk) converge in C°°, the functions fj = fj{k) in Lemma [4.41 can be 
bounded in C"^ by a constant independent of k and therefore we have a C°° 
expansion 

^^log<f^ = k~'P^'dd{h) + 0{k-^), 
which gives the first part. Similarly for the endomorphism part we obtain 

k^ 

Bk{hk,HkW^ = Y.{s,s*)h,^^u^'^ = ^(Id+i?iA;-i + B^k'^ + 0{k-^)) 
where 

~ 1 S 

B, = lAkFk + -Ak log <^2 Id +y Id, 

~ 1 r 
tr B2 = --Ak{iAk tr Fk + -A^ log (^2) 

- i tr A^ (Ffc + dd log <^2 Id +i(tr i?^)/^)^ - ^ A^S^ + ^ tr A^i?^ 

(4.14) 

which, by an analogous expansion for dd\ogip2i gives the desired conclusion. 

□ 
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Proof of Theorem. By the balanced hypothesis and Lemma 14.51 we have point- 
wise asymptotics 

(r + ci^-i + + 0(r-3))<^r' = ^^P^, (4.15) 

Jx dVi 

(Id r + DiP-i + DaA;""^ + 0(A;"-3))y,-i _ id, (4.I6) 

where A/^^ , Mk are defined in (12. lip and the Cj , are as in Lemma 14.51 By 
elementary manipulation this becomes 

A;" + 6iA;"-^ + &2^""^ + 0(A;"-3) = (4.17) 
fc" + + EsA;"-^ + 0(A;"-=^) = p^Id (4.18) 

where pk, pk are polynomials (as in (14. ip ). and 

&i = ci - fo'fi, h = -fo'fibi + fo-\foC2 - /2), 

with a similar expression for the Bi, only q, fi replaced by Di,gi respectively. 
Hence we are in a position to apply Lemma [4.21 Taking Xi? X2 ^ 1^ yields 

Xitr^i - X2O1 = Sk H ^ ztrA^Ffc, 

where we have used the identity 70 — V'ji = /3i. Taking Xi = X2 = 1^, the 
coupling condition (14. 2 p depends on the vanishing of /3i(/3o + '"To)? resulting in 
two cases: 

Case 1: /3i(/3o + ^"70) 7^ 0. Then we can apply the first part of Lemma [4.21 
we see that the limit metrics {h, H) satisfy the equations bi = const and 
Bi = const ■ Id which become 

S 

Pq-^ — Piti KiFh = const 
70 (^I^Fh + Y ~ tr(2AFH) Id = const ■ Id 

Taking the trace of the second equation, and using the condition /9i(/3o + '"7o) 7^ 
it is easy to verify this system is equivalent to 

iAFH = AId, S^ = S (4.19) 

as required. 



Case 2: /3i(/3o + ^7o) = 0. Then we can apply the second part of Lemma W?2\ 
to deduce the limits satisfy the equations precisely as in the statement of the 
theorem. 

□ 
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5. Infinite dimensional picture 



In the spirit of [7] and [23], in this section we give a different interpretation of 
the balanced condition (12. 9p defined in §2.2[ in terms of a two-step symplectic 
quotient on an infinite dimensional manifold. The main novelty of our inter- 
pretation is that the two symplectic quotients are not performed with respect 
to the same symplectic form, and so they are not a double quotient in the sense 
of [7]. For the first quotient, we consider a weighted sum of the symplectic 
structures considered in [7| and [23] and a extended gauge group as the group 
of symmetries, as defined in [10]. The second quotient is then taken with re- 
spect to a finite dimensional special unitary group and a small perturbation of 
the reduced symplectic form. 

5.1. Hamiltonian action of the extended gauge group. Let {E,H) be 
a smooth hermitian vector bundle over a symplectic manifold {X, oj) endowed 
with a prequantization (L, h, V^), with u = iF^l. In this section we calculate 
a moment map for the action of a extended gauge group, canonically attached 
to the previous data, on the space of sections oi E ® L^'^. We will find a 
convenient expression for the moment map evaluated on a holomorphic section 
that will be used in our two-step reduction in §5.21 For this, we will generalise 
previous moment map calculations in [7] and [25] . 

First recall some general facts about extended gauge groups, following [TU] . 
Let H be the group of Hamiltonian symplectomorphisms of {X,u). Then, 
the extended gauge group Q of {E, H) over (X, oj) is the group of hermitian 
automorphisms of the bundle E which project onto %. It defines a non trivial 
extension 

l^^^^^'H^l, 

of 1-i by the gauge group Q of {E, H). To deal with the L®^ twist of the bundle 
we consider the fibre product 



where 1-Ll denotes the group of hermitian automorphisms of L which preserve 
the connection. The infinite dimensional Lie group f lS.ip is the group of sym- 
metries of our moment map construction. To describe the Lie algebra of flS.ip . 
note that Ql fits in the short exact sequence 

Hence, using a unitary connection A on E, any Q G LieQ^ can be uniquely 
written as 



by C and 6aC is the skew adjoint endomorphism of E given by the vertical part 
of C- The symbol 6^ denotes horizontal lift of vector fields. Let G Z and 
consider the unitary connection on E ^ L®^ given by 



Ql- 



(5.1) 




V = Va ® Id + Id ® V 



(5.3) 
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Then, the group Ql acts naturally on E ^ L®^ and the vector field induced by 
any Q G Lie^^, that we denote by the same symbol, can be decomposed as 

C = ^vC + 4C (5.4) 
with respect to V, where 6'vC admits the following explicit description 

^vC = ^aC ® 1 + Ids ®ikf. (5.5) 

We will now calculate a moment map for the natural left action of Ql on the 
space of smooth sections T{E® L"^^) of E ^ L®^. For this, consider the 1-form 
(T on r(£' (g) L®^) given by 

a{s) = --Re / (zs,s)wM 
2 Jx 

where (si,s) denotes the hermitian product on the fibres oi E ® L®^ and 
(^N = uj^^ jn\. Define the exact 2- form 

= da. 

Lemma 5.1. The l-form a is invariant under the action of Ql o-nd 

fi(si,S2) =Re / (zsi,S2)u;["l. (5.6) 
Jx 

Proof. The invariance follows trivially from the definition of Ql. To com- 
pute f l5.6p we can consider constant vector fields Sj G T{E®L®^)., with j = 1, 2. 
Hence, [si,S2] = and 

fi(Si,S2) = Si(cr(s2)) - Si(0-(S2)) 

= ~Re f (2S2,Si)u;W + f {th, h)^^^''^ 

= Re / (isi,S2)u;t"l 
Jx 

□ 

Formula (15. 6 p shows that Q defines symplectic form which has been pre- 
viously considered in [71 [23]. As an elementary consequence we obtain the 
existence of the desired moment map. 

Proposition 5.2. The Qi-action on {T{E ® L®^).,VL) is Hamiltonian, with 
moment map 

(/i, C) = -n^^ 

where Y"^ denotes the infinitesimal action of C,. 

To compute an explicit expression for /i, we choose a unitary connection A 
on {E, H) and consider the unitary connection V on ® L®^ given by (15. 3p . 
Then, using (15.40 . a straightforward computation shows that the infinitesimal 
action of C G LieQi on s G r{E ® L®^) is given by 
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which combined with (15. 5p and the equahties 

CjVs ^["1 = -df A Vs A 

ci(Vs,s) = d{d{\s\^) - (s, Vs)) = -d{s,Vs) = -d{Vs,s), 
leads to the desired expression 



= - Re / {—i(^Vs + i9\/(-s,s)uj^' 
2 



= ^ / (^^vC • s, - ^ / /d(V3, s) A c^I"-^] (5.7) 

= ^ [ treX®l-(ss*)a;["] + ^ / f {ik\s\^J''^ - d{Vs, s) A J""-'^) . 
2 2 Jjj^ 

Suppose now that (X, u) admits a compatible complex structure such that 

Fr = 0, 

so E inherits a structure of holomorphic vector bundle over X. The moment 
map (15.71) admits a more convenient expression when s G T{E ® L'^^) is a 
holomorphic section with respect to the induced holomorphic structure. To 
see this, note that (cf. |7,, Lemma 9]) 

d(Vs, s) = Vs A Vs + (Fvs, s), 

where s is the section of the dual bundle E* ® defined using the standard 
anti-linear isomorphism between E ® L'^^ and E* (g) and 

A|s|2 = 2iA(99|s|2 = 2i(A(Vs A Vs) + (AFys, s)), 

so (15. 7p can be rewritten as 

fi=l [ tr^^AC®l-(ss*Vf"^-7 / f{A{\s\^) + 2k\s\^)J^\ (5.8) 
2 Jx 4 Jj^ 

5.2. Two-step reduction. Let J7 denote the space of complex structures on 
X compatible with u. Let A be the space of unitary connections on {E, H) 
and V <Z J X A the subspace cut out by the compatibihty condition 

fY' = 0. 

Note that any point in V defines a structure of polarised manifold on (X, L) 
and a structure of holomorphic vector bundle on E over X. Given k, N, M 
positive integers, consider the space of holomorphic tuples 

r c p X r(L®^)^ X r(E ® L®'^)*^ (5.9) 

given by those (J, A, t, s) such that 

t = (ti, . . . ,tN) and s = {si, . . . ,sm) 

are basis of the spaces of holomorphic sections on L^'' and E®L®^^ with respect 
to the Dolbeault operators induced by J, and A. To do the first reduction 
we endow T with a Kahler structure. For this, recall first from [10, §2] that V 
has a natural complex structure (that we will not use explicitly). The complex 
structure on the last two factors in (15.91) is given simply by multiplication by 
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i and the complex structure on T is then induced by the product structure. 
Following [7], we consider the holomorphic projection 



r ^ T{L^y' X T{E ® L^^r (5.10) 

and pull-back the product Kahler structure on the target space induced on 
each factor by fl5.6p . weighting the second factor by a positive real constant 
e > 0. Arguing as in |7j, for sufficiently large k one can show that fl5.9p is 
a holomorphic embedding (away from singularities) and that the pull-back 2- 
form is indeed a Kahler structure, explicitly given by 

nr{fi,f2) = y2Re [ (iiij,i2j)wf"' + e VRe / sajO^'"' (5.11) 
j ^ Jx 

where fi = {Ji, Ai,ii, si) with I = 1,2. The left action of Ql on each of the 
factors in (15. 9p induces a well-defined action on T which preserves the Kahler 
structure and, as a direct consequence of the moment map computation in 
it follows that the ^^-action is Hamiltonian. In order to apply this fact, we 
need to twist (15. 8p by an element in the center of the Lie algebra of gauge 
group Lie^, given by iuld for G M. 

Lemma 5.3. Given real constants c, G M, the following expression defines a 
moment map for the Q^-action on T 



(5.12) 



Proof. Note first that /io is a moment map for the ^^-action by (15. 8p , since the 
map C ^ Jx f^^^^ defines a character of Lie Ql constant over T. We prove now 
that 

/i' := ^ / tr(0vC - /Ai^v)c^t"l 
^ Jx 

is constant on A, where V is given by (15. 3p . Using (15. 5p and 

Fs/ = FA^l-ikldE^uj (5.13) 

we calculate 

^ fi'iA + tA) = — f tr(Cji ® 1 - fAdAA ® l)u;["l 

3 2 Jx 



dt\t=o 

iue 



/" -rf/AtriAa;["-il-/rftriAa;t"-il =0 
Jx 
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for any A ^ A and A in the tangent space TaA, identified with the space of 
End(£', H)-vaAued 1-forms on X, where we have used the equahties 

4 ^vt = i®i, OAuj^''^ = -df aAaJ^'-^K 

dt\t=o 

Finally, the statement follows rewriting fi' using f l5.13p and the equality 

/X, = /io-/i'-(z/eA;r(n+l)/2-c/4) / 

Jx 

□ 

We claim that the zero locus of fi,^ is given by the solutions of the system 

^SjS* = z/Id 

(5.14) 

A I > 'iLf \ +2ky '|t,f = e2ii^trAFA + c 



for a constant c' G M (compare with Proposition 12. 6p . To see this, we first 
evaluate fl5.12p on vertical vector fields, obtaining the first equation in f l5.14p . 
Now, taking trace of this equation and evaluating fl5.12p on horizontal vector 
fields with respect to A we obtain the second equation in fl5.14p . To discuss the 
existence of solutions of fl5.14p . we introduce the notion of complexified orbit. 
Recall from PT, §3] that in V there is a well defined notion of complexified 
orbit for the extended gauge group Q such that its points correspond to pairs 
of Hermitian metrics on L and E, up to the action of Q. Similarly, one can 
define an appropriate notion of complexified orbit for the ^^.-action on T by 
defining and equivalence relation: r ~ r' if there exists automorphisms of the 
complex vector bundles E and L'^ (not necessarily preserving h'', H and V'^ ) 
which project to the same diffeomorphisms on X and such that take r to r' 
(cf. [3 §2.1]). Again, up to the action of Ql, it can be checked that points in 
the complexified orbit correspond to pairs of hermitian metrics on E and L. 

Lemma 5.4. Given a complexified orbit in T, it contains a solution of fl5.14p 
for sufficiently small e. 

Proof. Fixing t & T and considering as unknowns a pair of metrics {h,H), 
f l5.14p is a system in separated variables where the first equation can be easily 
solved by a change of metric on E. Moreover, for e = it reduces to the system 

s J s* = iy Id 



c" 



for a constant c" G M, which admits a unique solution (that without lose 
of generality we assume to be {h,H)). Since the linearisation of the scalar 
equation in f l5.15p when e = is given by 

c"Af + c"2kf = 
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for a conformal change h' = e-^h, the statement follows from an standard 
implicit function theorem argument. □ 

For the second reduction, we consider an exact 2-form on the symplectic 
quotient 

r//gL = f^-\o)/gL (s.ie) 

which has a finite asymptotic expansion in the parameter k and whose leading 
order term corresponds to (15. lip . For this, given parameters a = (ao, . . . , On+i) G 
]^n+2 positive real numbers gi, g2 > we define a 1-form on T given by 

akif) = -qi Re f ^i!MlciK(r) - Re /" (^%' ^j) ^^2(r) (5.17) 
for f = (J, y4, i, s) G T^T and r = (J, A, t, s), where 



n+l 



dVi{T) = y^pOpCJi ^ 



n 



rfl/2(r) = J](r2 + 1 - p)apuP, A w""^ 



2 ' 
p=0 



and 

cji = /co; + c^c^j log I y \tj\'^ I , c<;2 = kru + itr Fa- 



koj + ddjlog (^Itjl"^^ 



Then, it is easy to verify that cr^ is ^^.-invariant, and so the exact 2-form 

Qk = dak (5.18) 
induces a well defined 2-form on T/ /Gl- 

Remark 5.5. Relying on the asymptotic expansion of the density of states 
in powers of k (see §3]), for suitable values of qi and q2 (which may 
depend on k) we have an expansion 

^k = nr + 0{k-^)- 

Hence, one may expect non- degeneracy of (15.181) for large values of k. The 
previous expansion shall be considered only at a formal level. 

Remark 5.6. The 2-form Qk is of type (1,1) only up to order 0{k^^). The 
failure of the compatibility with the complex structure on T can be checked 
considering mixed derivatives involving the A — z and A — s directions. To 
illustrate this, suppose = 0, M = 1 and g2 = 1 and compute (cf. Lemma [5?Ti) 



c?o-fc(ri,T-2) = Re / {isx,S2)dV2 
Jx 

+ Re [ {isi,s)dA{dV2){A2)-Re I {ih, s)dA{dV2){Ai) 



28 



M. GARCIA-FERNANDEZ AND J. ROSS 



where fj are assumed to be of the form (0, Aj, 0, Sj). Using that the complex 
structure on T at (J, A, s) acts on Aj as A A{—J-) it can be readily checked 
that flk is not of type (1, 1). 

Consider the product of special unitary groups SU{N) x SU (M) acting on 
r on the left, via its action on r(L®'=)^ x r{E (g) L')*^ Note that this action 
commutes with the ^^-action on T and preserves the zero locus of fi^, so 
induces a well-defined action on (15.161) . Moreover, it clearly preserves (15.171) 
and so it induces a Hamiltonian action on (T/ /QL,^k) (cf. Proposition 15. 2p . 
Using the standard identification of su{N) x su(M) with its dual, the following 
result is straightforward. 

Lemma 5.7. The SU{N) x SU{M) action on {T / /QL,^k) is Hamiltonian, 
with moment map f^su = fJ'SU(N) x fJ'SU(M) given by 



I^SU{N) = «gi I / ^ u l2 ^^i ]^ M 




fy dV2 

i^SU{M) = ( / (Sm, Si)dV2 — H 



(5.19) 



By formulae (I5.19P and (I5.12p . it follows that if r G T lies in the intersection 

/i;'(0)n/x5^(0) 

then the pair (J, A) & V defines an a-balanced triple {X, L, E) with respect 
to with balanced embedding determined by the basis t and s. To state 
a converse, which may be compared with [3 Proposition 11], notice that the 
action of SU{N) x SU{M) on T extends to a holomorphic action of SL{N, C) x 
SL{M, C) and so there is a natural notion of complexified orbit for the x 
SU (N) X SU (M)-action defined in the obvious way. 

Proposition 5.8. A point in r E Tq defines an holomorphic structure of 
a-balanced triple {X,L,E) if and only if its complexified orbit for the Ql x 
SU{N) X SU{M)-action contains a point in 

/^;'(o)n/is^(o), 

or equivalently, if and only if the complexified orbit is represented by a point in 
the two-step quotient 

/^;'(o) n/i^^(o)/g^i X su{N) x suiM). 

The proof follows from the discussion above and is left to the reader. 



Appendix A. remaining calculations 



In this Appendix we record the details of the remaining calculations for the 
computation of the B2 term in §31 
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= ^ tr {d,i dy, {^-'dyu'^)){dei z^){d0u z') 

- '^iid,,dy,{^>u,^^-^^idA'^~'dy^'^)) 
2 



iA(5) + ^|tri^|^ 



+ ^(tr dek{^~^dyj^)){tr dei {^-^dyu-^)) 
= \irR^.trR,0) + \iTR^-,tTR,. 

4 4 



(De-D,)^(C4) = -^dl^,,ix{^>-\dy,^>)^>-\dyUm){X,Z)) 
^ tY{dei{^-^dyi^!)){dgk{^!-^dyk^!)) 



— tr{dek {^-^dy, ■^)){de, (^-^a^^ *)) 



12 

1 

12 

^ ~ 12 -^j J-^fc,fc ~ 12 ^j,k^kj 
12' ' 12' ' 
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{De ■ Dyfidi) = 2dl,^,,{{dAG-%G)){x,z)dy.z') 

{Do ■ Dyf{d2) = dl^,,{dy,{G-%,G){x,z)) 

= dg,{{d,idyj{G-^dykG)){x,z){dgkZ^)) 
- d,r.{d,idy, iG~^dykG))ide,z"'){dekz') 
= {d^jd^kdyjiG^^dykG)) 
= d^^dy^i^k.n'^-^^dAG-^G)) 

= d,,dy,{^-^}d,k{G-^dyrG)) 

+ {d^jdyj-^)k,mdzk{G~^dymG) 

{De ■ Dyf{ds) = dl,^,,{G-\dy,G)G-\dykG){x,z)) 
^ {dei{G-'dysG)){dok{G-'dykG)) 
+ {dek{G-^dyiG)){dei{G-^dykG)) 
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